One contribution of 16 to a theme issue 'From atomistic interfaces to dendritic patterns'.
Introduction
Eutectic solidification from a melt often yields a regular lamellar structure consisting of alternative arrangements of lamellae of crystalline phases of two species. In constrained solidification, the lamellar structure can be aligned along an imposed thermal gradient, giving rise to the so-called in situ composite with attractive bulk properties [1, 2] . Theoretical efforts have been made to predict the relationship between interlamellar spacing and eutectic growth velocity in constrained solidification. In a model proposed by Jackson and Hunt (JH model) [3] , interfacial undercooling driving eutectic solidification T i was divided into three terms: constitutional undercooling T C , curvature undercooling T r and kinetic undercooling T k . These terms have different magnitudes along the interface, but their sums are constant at each point of the interface to maintain a planar solid/liquid interface. For a non-faceted/non-faceted eutectic, kinetic undercoolings of the two phases were assumed to be negligible. Additionally, eutectic growth was assumed to occur under an extremum condition, i.e. at a minimum interfacial undercooling. Under these two assumptions, the JH model predicted that the product of a steady-state eutectic growth velocity V with the square of the corresponding interlamellar spacing λ is a material-dependent constant, namely Vλ 2 = constant. This prediction was justified by many experimental observations [4, 5] . Trivedi et al. [6] extended the JH model by relaxing the condition of small Péclet numbers. They considered non-equilibrium effects on eutectic growth of systems showing either a cigar-type or an equal-distribution coefficient phase diagram and presented an extended model, known as the TMK model. The TMK model predicted that, under conditions of rapid eutectic solidification, the product Vλ 2 depends not only on material properties but also on the eutectic Péclet number P e and the solute distribution coefficient k. The validity of the TMK model was justified by later experimental observations on laser surface remelted eutectic alloys [7] . In addition to the extension to high Péclet numbers, the JH model was modified by other research groups to predict the effects of convective flow on eutectic growth [8] [9] [10] [11] . It was shown that only a transverse flow, i.e. a flow parallel to the solid/liquid interface, can have an effect on lamellar eutectic growth, whereas a vertical flow does not. The transverse flow reduces the interfacial undercooling and coarsens the lamellar eutectic structure generally. Such a transverse flow effect is consistent with experimental observations on a few eutectic alloys under varied flow conditions [12] [13] [14] [15] .
Both the JH and TMK models [3, 6] assumed that the contribution of the kinetic undercooling T k to the interfacial undercooling T I was negligible. Thus, the two models are applicable to eutectic systems with two phases having large interfacial kinetic coefficients. More critically, neither of the models took into account any contribution of thermal undercooling T T to bulk melt undercooling T in eutectic solidification [16] . Thus, both models are applicable to constrained eutectic solidification only. To relax such limitations, Li & Zhou [17] proposed a model, termed the LZ model below, for free eutectic growth from an undercooled bulk melt. They suggested that, in free solidification, the release of latent heat during eutectic growth forms a negative thermal gradient in the growth direction and that the planar solid/liquid interface should break down into a dendritic contour. This dendritic contour actually defines a new eutectic growth morphology, eutectic dendrite, which was proposed by Geotzinger et al. [18] for the first time based on their studies of rapid solidification of undercooled eutectic Ni-Si alloys. Li & Zhou [17] also considered a kinetic undercooling which was suggested to be large for a eutectic containing faceted phase(s). They formulated an averaged kinetic undercooling at the interface and applied the marginal stability analysis developed for dendritic growth of a single-phase dendrite to the tip of a growing eutectic dendrite. The eutectic dendrite has a large curvature at its dendritic tip and, thus, the curvature undercooling of the eutectic dendrite is neglected in the LZ model. Using the LZ model, Yang & Gao [19] modelled eutectic growth velocities in undercooled melts of eutectic Ni 81.3 Sn 18.7 composition and concluded a fairly good agreement of modelling with experimental observations on rapid eutectic solidification using a high-speed camera [20] .
Convective flow is often active in free solidification and can have a significant effect on dendritic growth by modifying heat transport ahead of the solid/liquid interface and dendritic tip stability. For example, buoyancy-induced natural convection [21] and electromagnetic fieldinduced forced convection [22, 23] were found to alter the dendritic tip kinetics of pure substances significantly. Compared with dendritic growth at similar undercoolings, eutectic growth in metallic melts is often sluggish and thus can be prone to melt flow. In constrained eutectic solidification, thermal undercooling does not exist. Thus, a flow perpendicular to the solid/liquid interface was considered to have no effects on eutectic growth [8] [9] [10] [11] . In free eutectic solidification, convective flow can alter the thermal gradient along the growth direction and affect thermal undercooling. Then, it may affect the tip stability of a growing eutectic dendrite and modify the eutectic growth kinetics eventually, as was unveiled for dendritic growth of pure substances [23] . In this work, a model was proposed to deal with this potential incident flow effect on free [24, 25] for three-dimensional free dendritic growth and the LZ model [17] for free eutectic growth. Its details are shown below.
Theory
Consider a eutectic dendrite growing at a constant velocity V with a dendritic tip radius R against an incident flow of U in an undercooled bulk liquid. As shown in figure 1 , lamellae of two eutectic phases, α and β, are perpendicular to the dendritic envelope from a local view and have a half width of S α and S β , respectively. Assuming that the interlamellar spacing λ is much smaller than the tip radius R, the solid/liquid interface can be viewed as a planar interface [17] . The bulk undercooling of the melt can be divided into four terms:
where T T is the thermal undercooling in the liquid, T C is the averaged constitutional undercooling, T r is the averaged curvature undercooling and T k is the averaged kinetic undercooling. A sum of the last three terms on the right-hand side of equation (2.1) defines the interfacial undercooling, T I , namely
As explained in the LZ model [17] , the interfacial undercooling is constant everywhere at the interface, though its partial terms are usually different for the two phases. Assuming that the incident flow U changes heat transport ahead of the solid/liquid interface of the eutectic dendrite, the flow-dependent thermal undercooling can be expressed as [24, 25] 
where H f is the averaged heat of fusion of the two eutectic phases and C p is the heat capacity of the melt. Iv(P f ,P g ) is the flow-modified Ivantsov function and can be expressed as follows:
where P g = VR/(2D T ) is the dendritic growth Péclet number (D T is the thermal diffusivity in the liquid), P f = UR/(2D T ) is the flow Péclet number and g(η) is the hydrodynamic function. The function g(η) is given by
where Re = RUρ l /ν is the Reynolds number, ρ l is the density of the liquid, ν is the dynamical viscosity of the liquid and E 1 is the first exponential integral function
Following the AG model, the tip selection parameter, σ *, of a thermal dendrite growing with an incident flow [24, 25] is given by Assuming that the incident flow does not alter mass transport parallel to the solid/liquid interface, the interface undercooling can be expressed as in the LZ model [17] 
where m is the averaged slope of the liquidus of the two solid phases, C 0 is the difference in their solute concentrations, f α and f β are their volume fractions, D is the interdiffusion coefficient in the liquid, P is a function of the eutectic Péclet number P e , P e = Vλ/(2D), μ is the averaged interfacial kinetic coefficient and a L is a factor depending on wetting of the liquid to the two solid phases. Application of the extremum condition to the diffusion-controlled coupled growth of the eutectic dendrite yields the following relationship [17] :
where ∂P/∂λ is the first-order derivative of the function P. It should be mentioned here that P and P + λ(∂P/∂λ) are dependent on the thermodynamics of eutectic systems and their expressions for two special types of phase diagrams can be found elsewhere [6, 17] .
Modelling and discussion
It was shown in a previous study [19] that the LZ model can give a satisfactory description of experimentally observed growth velocities of eutectic dendrites in undercooled bulk Ni 81.3 Sn 18.7 composition. However, the opaqueness of metallic melts and remelting of eutectic dendrites during post-recalescence slow solidification of undercooled melts [16] make it difficult to justify either the predicted dendritic tip radii or the predicted interlamellar spacing in rapid growth of the eutectic dendrites experimentally. Recent modelling of experimental data of dendritic tip radii and tip velocities of succinonitrile under microgravity and terrestrial conditions using the AG model [24, 25] revealed variable but generally smaller values of the tip selection parameter than a widely accepted value of σ * = 1/4π 2 [26] for dendritic growth in three-dimensional space. For this reason, it is necessary to test whether the tip selection parameter can affect the growth kinetics of the eutectic dendrites growing from an undercooled melt significantly. The α-Ni/Ni 3 Sn eutectic was specified as a model eutectic system for the testing. The phase diagram of the α-Ni/Ni 3 Sn eutectic shows a cigar-like shape [19] . Because the composition of the α-Ni/Ni 3 Sn eutectic is closer to that of α-Ni, it is assumed that the dendritic tip selection parameter and anisotropy of surface tension of an α-Ni/Ni 3 Sn eutectic dendrite is equivalent to that of a pure Ni dendrite [27] . Under this assumption, the growth velocity V, dendritic tip radius R and interlamellar spacing λ of the α-Ni/Ni 3 Sn eutectic dendrite were modelled using the model described above. A fractal contribution of the thermal undercooling to the bulk undercooling, T T / T, was also calculated. In the modelling, the flow velocity U is assumed to be zero tentatively for a comparison with the previous modelling using the LZ model [19] . The parameters used are listed in table 1. The results are shown in figure 2 together with the experimental data measured by Yang et al. [20] . As shown in figure 2a ,b, the modelled V and λ of the eutectic dendrite are close to those modelled previously using the LZ model [19] over the whole undercooling regime. The use of a smaller tip selection parameter σ * actually does not bring about a better or a worse agreement with the experimental data of eutectic growth velocities. The difference between the two types of modelling is smaller than the scatter of the experimental data. It is concluded that the eutectic growth of the two solid phases is not sensitive to the tip stability of the eutectic dendrite. However, the use of the smaller tip stability parameter brings about notable changes of dendritic tip radius, R, and its ratio over the interlamellar spacing, R/λ. Both the dendritic tip radius R and the ratio R/λ are enlarged with respect to those predicted by the LZ model [19] . The enlargement is nearly constant in the undercooling range 30-130 K. Thus, it is suggested that the tip stability affects the dendritic tip radius, R, much more than it affects the eutectic growth velocity, V. Then growth kinetics of the α-Ni/Ni 3 Sn eutectic dendrite in the presence of an incident flow was modelled. Three different flow velocities were assumed in the modelling: U = 0.01, 0.10 and 1.00 m s −1 . These flow velocities are either comparable to or larger than the experimentally observed growth velocities depending on bulk undercooling [20] . The results are shown in figure 3 . A small incident flow velocity of U = 0.01 m s −1 does not produce any discernible effect on V, λ or R in the undercooling range 30-130 K. However, as shown in figure 3e , it brings about a nearly constant contribution of T T to T, which otherwise declines exponentially from a large fraction of more than 30% with increasing T. When an incident flow velocity of U = 0.10 m s −1 was assumed, the modelling demonstrated significant changes of the growth kinetics of the eutectic dendrite. V is increased with respect to the value in the absence of any incident flow, whereas λ and R are both reduced. The ratio of R/λ remains constant over a wide range of undercooling. A notable decrease in R/λ was observed only at high undercoolings, i.e. T > 90 K. kinetics of the eutectic dendrite. V is increased significantly throughout the whole undercooling range. λ is reduced significantly for undercoolings below T = 109 K, but is increased rapidly at higher Ts. It is evident that the high flow velocity makes the eutectic growth unstable at a reduced critical undercooling ( T = 132 K for U = 1.00 m s −1 versus T > 140 K for U = 0 m s −1 ). Such an extremely high flow velocity causes opposing changes of R depending on T. With respect to its values without the flow, R is increased slightly for low Ts ( T < 40 K), but is decreased for higher Ts. The larger the T, the larger the reduction of R. The ratio of R/λ for T < 90 K is larger than that for flow-free growth, but it becomes smaller for T > 90 K.
The reduced values of R/λ at high Ts can be attributed to a reduction in R and an increase in λ. This extremely high flow velocity reduces T T / T. For example, the relative reduction amounts to 62% at T = 30 K, but is reduced to 33% at T = 130 K. Despite such a high flow velocity, the flow Péclet number, P f , is smaller than unity in the undercooling region 30-132 K.
On the other hand, the eutectic Péclet number, P e , is smaller than 12.5. Such values of P f and P e are quite acceptable for the AG model and the LZ model, respectively. Thus, the influence of the incident flow with U = 1.0 m s −1 on the eutectic dendrite can still be dealt with by the present model. The above modelling showed that growth kinetics of the α-Ni/Ni 3 Sn eutectic dendrite is not sensitive to the dendritic tip selection parameter. However, it is sensitive to the incident flow. The flow reduces the contribution of thermal undercooling to bulk undercooling, thus increasing the growth velocity of the eutectic dendrite. This flow effect is weak compared with that observed on a pure substance dendrite [23, 28] . The reason for this is that eutectic growth depends more on interdiffusion of solute atoms in the directions parallel to the solid/liquid interface than on thermal transport in the direction of tip growth. In principle, electromagnetic stirring in an inductively melted metal pool [23, 27] can produce a flow velocity of the order of 0.1 m s −1 and thus offers an opportunity to justify the modelled results. However, the large scatter of the experimental data makes it difficult to justify the modelled growth velocities with the incident flow of this level (figure 3a). To overcome this difficulty, experimental observations of growth velocities of eutectic dendrites under static magnetic fields may be helpful. In addition to an electromagnetic damping effect [23] , the static magnetic fields can introduce localized flow due to thermoelectric magnetohydrodynamics as they do in free solidification of undercooled melts of pure metals [27, 28] . Because of the large dendritic tip radius R, it may also be possible to justify the present modelling by performing in situ X-ray tomography experiments under varied flow conditions. 
Conclusion
An analytical model has been proposed for prediction of the growth kinetics of a eutectic dendrite growing from an undercooled liquid. The model combines the LZ model for free eutectic growth with the AG model for free dendritic growth and is capable of predicting the growth kinetics of the eutectic dendrite in the presence of an incident flow. The model has been used for modelling of growth kinetics of the α-Ni/Ni 3 Sn eutectic dendrite. The modelling has shown that the eutectic growth velocity and interlamellar spacing are not sensitive to the tip selection parameter of the eutectic dendrite. The modelling has also demonstrated that an incident flow of the order of 0.1 m s −1 or above can have a significant effect on the growth kinetics of the α-Ni/Ni 3 Sn eutectic dendrite. The incident flow increases the eutectic growth velocity generally. However, it has opposing effects on the interlamellar spacing depending on bulk undercooling. While it reduces the interlamellar spacing at low undercoolings, it enlarges the interlamellar spacing at high undercoolings. It has been suggested that such effects of the incident flow may be justified by performing in situ observations on free eutectic solidification under static magnetic fields or by carrying out in situ X-ray tomography observations under varied flow conditions.
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